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Abstract
In order to see eects of large-amplitude waves on the wave-induced motions of and the added resistance on a container ship, we
have conducted experiments by changing the wave steepness at several wavelengths. A numerical computation method to compare with
the experiments is also considered with so-called weakly nonlinear Rankine panel method in the time domain. In this nonlinear Rankine
panel method, the hydrodynamic forces are linear and calculated as a convolution integral using the memory-eect function evaluated from
the damping coecients in the frequency domain, and the hydrostatic and Froude-Krylov forces are computed as nonlinear by integrating
the pressure over the instantaneous wetted surface beneath the surface of incident wave. We can see relatively large nonlinear results in the
heave motion but on the contrary nonlinearity is not so large in the added resistance when nondimensionalized in terms of square of the
incident-wave amplitude. Numerical computations using a weakly-nonlinear Rankine panel method are not completed because of instability
in the time-stepping computation procedure, which must be improved as future work.
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ect function; Large-amplitude waves
1. Introduction
Computation methods based on the linear theory in the fre-
quency domain have been developed1) to predict the seakeeping
performance of actual ships in waves, particularly linear quan-
tities in the wave amplitude like ship motions, hydrodynamic
pressure, structural wave loads, and so forth. It is also known
that the time-averaged steady forces like added resistance can
be computed with linear solutions, although these steady forces
are of second order in the wave amplitude.
The strip-theory method may be most versatile and robust
for providing linear solutions with less computation time and
reasonable numerical accuracy. Nevertheless, there are some
occasions where prediction of the strip method is poor and 3-
D and/or forward-speed eects are predominant, such as the
wave reflection near the bow of a blunt ship in connection
with the added resistance in a short-wavelength region. To ac-
count for those eects, sophisticated slender-ship theories like
EUT (Enhanced Unified Theory)2) and RPM (Rankine Panel
Method)3)4)5) have been studied and developed for practical use.
However, these are linear theories.
Nonlinear eects have been also recognized to be important
especially in the prediction of structural wave loads and added
resistance acting on recent container ships with large bow and
stern flares. These nonlinear eects are caused by so-called geo-
metrical nonlinearities, which may be accounted for by treating
the restoring force due to hydrostatic pressure and the Froude-
Krylov force due to incident-wave pressure as time-varying non-
linear forces. This treatment is referred to as the weakly nonlin-
ear computation method6)7) or blended method, because the hy-
drodynamic radiation and diraction forces are still computed
as linear. Once some nonlinear terms are included in the formu-
lation, numerical computations must be implemented necessar-
ily in the time domain8), which is also the case for the weakly
nonlinear computation method.
As more advanced nonlinear computation methods, we can
take account of geometrical nonlinear eects also in computing
the hydrodynamic radiation and diraction forces by using the
time-domain free-surface Green function9), which is known as
the time-domain body-nonlinear method. Furthermore hydro-
dynamic nonlinearities in the free-surface boundary condition
could be taken into account by solving a boundary-value prob-
lem at each time stepping, which is known as the fully nonlinear
potential-flow method10)11) that normally uses a MEL (Mixed
Eulerian Lagrangian) scheme.
In the present paper, from a practical viewpoint, we study the
weakly nonlinear computation method to confirm its applica-
bility for qualitative and quantitative prediction of nonlinearity
in the wave-induced ship motions and added resistance. First,
to provide reliable experimental data regarding the magnitude
and tendency of nonlinear eects, we have conducted experi-
ments by changing the wave amplitude at several wavelengths
using a container ship model. Then a Rankine panel method,
which is based on the 3-D linear theory but able to incorpo-
rate the forward-speed eects in a rational way, is used to com-
pute the memory-eect function via Fourier transform of hy-
drodynamic radiation forces. Unfortunately up to this moment
of writing this paper, numerical computations using a weakly
nonlinear Rankine panel method are unsuccessful because of
instability in solving the ship-motion equations including the
memory-eect function and nonlinear restoring and Froude-
Krylov forces. Nevertheless, the experimental data of wave-
induced ship motions and added resistance measured for the
present study at various wave amplitudes are believed to be use-
ful in investigating the nonlinear eects.
2. Calculation Method
2. 1 Formulation
We consider a ship advancing at forward speed U in a regu-
lar wave incoming with angle  in reference to the x-axis which
points to the ship’s bow, see Fig. 1. The amplitude and circu-
lar frequency of the incident wave are denoted as a and !0,
respectively, and the wavenumber k0 is given as k0 = !20=g by
the dispersion relation in deep water, where g is the acceleration
due to gravity. The encounter circular frequency, denoted as !,
is given by ! = !0   k0U cos . The coordinate system for the
present analysis is shown in Fig. 1
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Fig. 1 Coordinate system and notations
The velocity potential can be divided and written as follows:
(x; y; z; t) = US(x; y; z) +U(x; y; z; t) (1)
where S is the time-independent steady velocity potential and
U is the time-dependent unsteady velocity potential. By as-
suming unsteady quantities to be periodic with encounter circu-
lar frequency, the unsteady velocity potential can be expressed
as multiplication of the spatial part (x; y; z) and the temporal
part ei!t in the form, and the real part is to be taken.
U(x; y; z; t) = Re (x; y; z) ei!t  (2)
With linear assumption, the spatial part of the velocity poten-
tial can be written as follows:
 =
iga
!0
(0 + 7) + i!
6X
j=1
X j  j (3)
where 0 denotes the incident-wave potential, 7 the scattering
potential, and  j the radiation potential in the j-th mode of mo-
tion, with X j its complex amplitude. The incident-wave velocity
potential 0 is explicitly given as follows:
0 = e
k0z ik0(x cos +y sin ) (4)
In the Rankine panel method, the unsteady velocity potential
is written as follows:
 j(P) =  
"
S H
 j(Q)
n
G0(P;Q) +G 00(P;Q)
o
dS (Q)
 
"
S F
 j(Q) G0(P;Q) dS (Q) (5)
where P = (x; y; z) denotes a field point in the fluid and Q =
(x0; y0; z0) an integration point on the boundary surface (ship’s
hull surface S H or free surface S F ), and
G0(P;Q) = 14r ; G
0
0(P;Q) =
1
4r0
(6)
r=
q
(x   x0)2 + (y   y0)2 + (z   z0)2 (7)
r0=
q
(x   x0)2 + (y   y0)2 + (z + z0)2 (8)
Here  j(Q) is the source strength and G0(P;Q) is the Rankine
source. G 00(P;Q) is the mirror image of G0(P;Q) reflected about
z = 0 and hence G0(P;Q) + G 00(P;Q) satisfies the rigid-wall
boundary condition on z = 0 which is to be satisfied by the
double-body flow explained in the next section.
2. 2 Boundary conditions
In the Rankine panel method, the eect of steady disturbance
flow is taken into account in both body-surface and free-surface
boundary conditions for the unsteady-flow problem. Therefore,
as a premise, the steady-flow problem must be solved first.
The velocity potential for the steady flow is decomposed in
the form
US = U
    x + D + W   U D + W  (9)
where D denotes the double-body flow potential and W de-
scribes the steady wave generated on the free surface, but
this component, W , is normally ignored in the Rankine panel
method for unsteady-flow problems. Thus the velocity vector of
steady flow, normalized by U, may be written as
V  r D + W  ' rD (10)
The boundary condition on the body surface must take the form
of V  n = 0 (where n is the normal vector on the boundary sur-
face pointing into the fluid domain). Summarizing the boundary
conditions for the steady double-body flow, we can obtain
@D
@z
= 0 on z = 0 ; @D
@n
= n1 on S H (11)
where n1 denotes the x component of the normal vector.
A solution satisfying the rigid-wall boundary condition on z =
0 in Eq. (11) can be expressed in the form
D(P) =  
ZZ
S H
D(Q)G0(P;Q) +G 00(P;Q)	 dS (Q) (12)
Substituting Eq.(12) into the body boundary condition above,
we can obtain a linear system of simultaneous equations for the
source strength D(Q). Once those simultaneous equations are
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solved, the velocity potential can be given by Eq.(12) and its
derivatives may be computed by analytical dierentiation with
respect to P = (x; y; z).
Let us move on to the boundary conditions for the unsteady
problem. Considering the substantial derivative of the pressure
on the free surface and linearizing the result by neglecting terms
equal to and higher than O(2j ), we can obtain the desired result,
which can be written in the form
g
@ j
@z
  !2e  j + UF

D;  j

= 0 on z = 0 (13)
where the operation function F D;  j  for the eect of basis
double-body flow (the eect of forward speed) is given by
F D;  j   2i!e ¯rD  ¯r j + U ¯rD  ¯r  ¯rD  ¯r j 
+
U
2
¯r  ¯rD  ¯rD  ¯r j + ¯r2D  i!e + U ¯rD  ¯r j (14)
and ¯r means the dierentiation operator only in the horizontal
plane (x; y).
Similarly, by considering the kinematic boundary condition
(i.e. the substantial derivative of a function representing the
ship-hull geometry with respect to the space-fixed coordinate
system), the linearized boundary condition on the wetted hull
surface of a ship can be obtained and expressed in the form
@ j
@n
= n j +
U
i!e
m j on S H ( j = 1  6)
@7
@n
=  @0
@n
on S H
9>>>>>>>=>>>>>>>; (15)
where
(n1; n2; n3) = n ; (n4; n5; n6) = r  n
(m1;m2;m3) =  (n  r)V  m
(m4;m5;m6) =  (n  r)(r  V) = V  n+ r  m
9>>>>>=>>>>>; (16)
with r = (x; y; z) being the position vector, and m j denotes the
j-th component of the so-called m-term describing the eect of
steady disturbance flow in the unsteady problem.
3. Time-domain Hydrodynamic Forces
Radiation force FRi (!) acting in the i-th direction to be com-
puted in the frequency domain can be written as follows:
FRi (!) =  
h
(i!)2Ai j(!) + i!Bi j(!)
i
X j(!) (17)
where ! is the encounter circular frequency, Ai j(!) and Bi j(!)
are the added mass and damping coecient, respectively, in the
i-th direction due to j-th mode of motion, and X j(!) the motion
amplitude of j-th mode. (The summation sign with respect to
j is omitted here with convention that any term containing the
same index twice should be summed up over that index.
By considering the asymptotic behavior of Ai j(!) and Bi j(!)
at large frequencies, let us rewrite Eq. (17) in the following form
FRi (!) =  
h
(i!)2fAi j(!)   ai jg + i!fBi j(!)   bi jg   cRi j
i
X j(!)
  ai j (i!)2X j(!)   bi j i!X j(!)   cRi j X j(!) (18)
where ai j is the added mass and cRi j is the restoring coecient
in proportion to the displacement at ! ! 1 and likewise bi j is
the damping coecient at ! ! 1. Coecients ai j, bi j and cRi j
are time and frequency independent constants but these values
depend on the body geometry and also the forward speed. (Nor-
mally bi j and cRi j become zero for the zero-speed case and thus
represent forward-speed eects.)
Performing the inverse Fourier transform of Eq. (18) gives the
following expression in the time domain:
f Ri (t) =   ai j ¨ j(t)   bi j ˙ j(t)   cRi j  j(t)
 
Z 1
 1
Ki j(t   ) ˙ j() d (19)
where Ki j(t   ) is the memory-eect function and  j(t) the
time-dependent displacement in the j-th mode of motion. The
memory-eect function Ki j(t   ) is of course time-dependent
and represents the free-surface eect on hydrodynamic forces.
This function is related to the inverse Fourier transform of the
added mass and damping coecient, but because of the causal-
ity property, this memory-eect function can be computed only
with the damping coecient as follows:
Ki j(t) = 2

Z 1
0

Bi j(!)   bi j	 cos!t d! (20)
Conversely, if the causality relation is satisfied, the Fourier
transform of the memory-eect function must provide the fol-
lowing relation for the real part of the Fourier-transformed quan-
tity:
cRi j =  

Ai j(!)   ai j	!2   !Z 1
0
Ki j(t) sin!t d! (21)
Due to causality relation, the memory-eect function Ki j(t   )
must be equal to zero for t    < 0. Thus the upper limit of the
integration in Eq. (19) can be written as t, giving the following:
f Ri (t) =   ai j ¨ j(t)   bi j ˙ j(t)   cRi j  j(t)
 
Z t
1
Ki j(t   ) ˙ j() d (22)
By the way, coecients ai j, bi j, and cRi j are the values at in-
finite frequency and these can be computed from the following
equations:
ai j =   
"
S H
 1 jni dS (23)
bi j =   
"
S H

 2 jni    1 jmi	 dS (24)
cRi j =   
"
S H
 2 jmi dS (25)
where mi is the i-th component of the m-term defined in Eq. (16),
which represents the forward speed in the body boundary con-
dition.  1 j and  2 j are the impulsive instantaneous potentials,
satisfying the following boundary conditions:
 1 j = 0 on z = 0;
@ 1 j
@n
= n j on S H (26)
 2 j = 0 on z = 0;
@ 2 j
@n
= m j on S H (27)
From these we can see that bi j and cRi j become zero when the
forward speed is equal to zero. We also note that bi j will also
be zero even for the forward-speed case because of Green’s the-
orem which can be proven by means of Eqs. (26) and (27).
If the numerical accuracy in computing ai j and cRi j is su-
cient, the causality relation, Eq. (21), should hold and hence
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can be used for checking the numerical accuracy. However that
is not the case in most cases. Thus cRi j is computed from not
Eq. (25) but Eq. (21) in practice.
4. Weakly-nonlinear Calculation
In this study, we use a weakly-nonlinear calculation method in
the time domain. In this method, as described in the preceding
section, hydrodynamic forces are computed with linear theory
and hence nonlinear computations are carried out only for inte-
gration of hydrostatic pressure for the restoring force and also
integration of incident-wave pressure for the Froude-Krylov ex-
citing force over the instantaneous wetted surface of a ship be-
neath the undisturbed free surface profile.
4. 1 Incident-wave and hydrostatic pressure
In the linear theory, the incident-wave pressure can be com-
puted explicitly using Bernoulli’s pressure equation with higher-
order terms neglected, and the results can be expressed as
piw(t) = g(x; y; t) ek0z (28)
where
(x; y; t) = a cos !t   k0(x cos  + y sin )	 (29)
Therefore the sum of hydrostatic and incident-wave pressures
can be given by
p(t) = phs(t) + piw(t) =   gz + g(x; y; t) ek0z (30)
Since the pressure must be zero (equal to the atmospheric
pressure) on the instantaneous surface of incident wave z =
(x; y; t), it may be practical to modify the argument in the
exponential-function part into z ! z   (x; y; t). Then the
nonlinear pressure to be used practically for computing the
time-dependent hydrostatic restoring force and incident-wave
Froude-Krylov force may be given as
p(t) =   gz + g(x; y; t) ek0fz (x;y;t)g (31)
4. 2 Nonlinear Froude-Krylov force
Since the Froude-Krylov force can be calculated by integrat-
ing only the incident-wave pressure piw(t) over the instanta-
neous wetted surface of ship hull S H(t), the j-th component of
the time-dependent force can be computed as
FFKj (t) =  
ZZ
S H (t)
piw(t) n j dS
=   g
ZZ
S H (t)
(x; y; t) ek0fz (x;y;t)gn j dS (32)
4. 3 Nonlinear static restoring force
The nonlinear restoring force in the j-th direction, which is
denoted as Fhsj (t), can be calculated from the dierence between
the value by integrating the hydrostatic pressure over the instan-
taneous wetted surface in the space-fixed coordinate system and
the corresponding value by integrating the hydrostatic pressure
beneath the still water plane when the ship is in an equilibrium
position; that is, we can write as follows:
Fhsj (t) = g
ZZ
S H (t)
z n j dS   g
ZZ
S H
z n j dS (33)
where S H denotes the wetted surface beneath the still water
plane when the ship is in an equilibrium position.
5. Experiment
The experiment was conducted using the container ship model
manufactured for the research of RIOS (Research Initiative on
Oceangoing Ships) at the towing tank (100 m long, 7.8 m wide,
and 4.35 m deep) of Osaka University. Fig. 2 shows a snapshot
of the RIOS container ship model.
Fig. 2 Snapshot of RIOS container model
Table 1 Principal particulars of RIOS container model used
in the experiment
Items Experiment
Length: Lpp [m] 2.5000
Breadth: B [m] 0.3846
Draft : d [m] 0.1380
Displacement : r[m3] 0.0813
Gyrational radius: yy=L 0.250
Center of gravity (x-axis): xG [m] -0.0555
Center of gravity (z-axis): zG [m] 0.0136
Table 2 Target values in wave amplitude and wavelength
used in the experiment
Wave amplitude a [m] =L
0.012 1.01.6
0.020 0.33.0
0.030 1.01.8
0.040 1.01.8
0.050 1.01.8
0.060 1.01.8
0.070 1.01.8
0.080 1.21.8
0.090 1.41.8
0.100 1.61.8
In the experiment, ship motions (surge, heave, and pitch) and
added resistance were measured in head waves at Froude num-
ber Fn = 0:25 and at various wave amplitudes in order to inves-
tigate nonlinear eects on the ship motion and added resistance.
Table 1 shows the principal particulars of the tested model, and
Table 2 shows the values of wave amplitude and wave length set
in the experiment. Note that the wave steepness is defined as
2a= = k0a= and thus the wave steepness was changed in the
experiment up to approximately 1/20.
4
0 1 2 30
0.5
1
1.5
2
E xp-Kyushu
E xperiment
R PM(DBF)
E UT
0 1 2 30
0.5
1
1.5
2
0 1 20
0.5
1
1.5
2
3
-180
-90
0
90
180
-180
-90
0
90
180
-180
-90
0
90
180
ξ1 ζa ξ3 ζa k0ξ5 ζa
λ L λ L λ L
Fig. 3 Ship motions of RIOS container at Fn = 0:25,  = 180 degs, and a = 0:02 m
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Fig. 4 Ship motions of RIOS container at Fn = 0:25,  = 180 degs, and at dierent wave amplitudes
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Fig. 5 Nonlinearity in ship motions of RIOS container at Fn = 0:25,  = 180 degs, and =L = 1:0
6. Results and Discussion
6. 1 Ship motions at small wave amplitude
First of all, results of surge, heave, and pitch motions mea-
sured at small wave amplitude of a = 0:02 m are shown in
Fig. 3 to see response characteristics and the degree of agree-
ment with various linear-theory computations. In this figure,
open circles indicate the measured results at Osaka University
and computed results are shown by lines; where the black solid
line is the results of linear Rankine panel method (where the
steady basis flow is computed as the double-body flow), the al-
ternate long and two short dashed line is the results of EUT (En-
hanced Unified Theory), the dashed line is the results of NSM
(New Strip Method). In order to validate the results (especially
measured results), another results of the experiment conducted
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Fig. 6 Nonlinearity in ship motions of RIOS container at Fn = 0:25,  = 180 degs, and =L = 1:2
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Fig. 7 Nonlinearity in ship motions of RIOS container at Fn = 0:25,  = 180 degs, and =L = 1:4
at RIAM, Kyushu University, in 2013 using the same ship model
are shown by closed circles in the same figure. Regarding com-
parison with measured results at Kyushu University, we can see
good agreement in surge and heave but a noticeable dierence
can be observed in pitch despite careful checks. There might be
a problem in the calibration for pitch motion or some friction
in the pitch-motion mechanism. Regarding the degree of agree-
ment with computed results, rather big discrepancy can be seen
in the amplitudes of heave and pitch even with the Rankine panel
method. Detailed investigation must be made on hydrodynamic
forces in both radiation and diraction problems.
6. 2 Nonlinearity in ship motions
Measured results of ship motions at dierent incident-wave
amplitudes are shown in Fig. 4, from which we can see rather
strong nonlinearity at =L = 1:0  1:8. In order to see more
clearly the dierence and variation tendency in nondimensional
ship motions as the wave steepness (equivalently the maximum
wave slope) increases, measured results at =L = 1:0, 1.2 and
1.4 are shown in Figs. 5, 6 and 7, respectively. From these re-
sults, first we can see that the nonlinearity in the surge motion
is small (which is also obvious from Fig. 4) at all wavelengths
tested. Second, the nonlinearity in the heave and pitch motions
at =L = 1:0 shown in Fig. 5 is also relatively small, whereas
at =L = 1:2 shown in Fig. 6 the nondimensional amplitude
of heave and pitch decreases clearly with increasing the wave
steepness. When the wavelength becomes longer at =L = 1:4,
the magnitude in variation becomes again relatively small es-
pecially in heave, but the nonlinearity in pitch still can be seen
at larger values of wave steepness. It should be noted that the
waves at a larger wave steepness are splashed violently near the
Fig. 8 Snapshot of violent ship motion and free-surface
deformation observed in the experiment at =L =
1:4 and a = 0:09 m
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ship bow, as shown in Fig. 8 for the case of =L = 1:4, and
thus the ship motion and the deformation of free surface look
strongly nonlinear in reality. Thus it is rather surprising to be
able to see relatively good agreement with computed results of
ship motion by the linear theory.
6. 3 Added resistance
In order to see response characteristics in the added resis-
tance with respect to the change in wavelength, we measured
the added resistance at target incident-wave amplitude equal to
a = 0:02 m; its result is shown in Fig. 9. Dierent from ship
motions, the added resistance is the second-order quantity in the
wave amplitude, and thus measured results are rather sensitive
to the accuracy in the measurement of wave amplitude and re-
sistance, and in fact the measured data are scattered as seen in
the figure.
Numerical computations are also performed, and it can be
seen that the prediction by EUT and NSM tend to under-predict,
although the wavelength where the added resistance takes a
maximum is well predicted. The result of RPM is obtained
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Fig. 9 Added resistance on RIOS container at Fn = 0:25
in head waves of a = 0:02 m
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Fig. 10 Added resistance on RIOS container at Fn = 0:25
and at dierent wave amplitudes in head waves
through the unsteady wave pattern analysis12), which may be
a reason of discrepancy in a region of shorter wavelength less
than =L < 1:4.
Next, the measurement of added resistance was carried out at
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Fig. 11 Nonlinearity in added wave resistance at =L = 1:0
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Fig. 12 Nonlinearity in added wave resistance at =L = 1:2
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Fig. 13 Nonlinearity in added wave resistance at =L = 1:4
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Fig. 14 Nonlinearity in added wave resistance, =L = 1:6
several dierent wave amplitudes, as shown in Fig. 10, particu-
larly around the peak of the added resistance. We can see much
scatter in the obtained data especially at a = 0:012 m, but we
should note that the accuracy in measure nondimensional value
at this small wave amplitude is not high because a small value
of the added resistance is divided by the square of small wave
amplitude. Even at other wave amplitudes, we can see scatter
in the measured results, which suggests the existence of wave-
amplitude dependency in the nondimensional value of added re-
sistance.
In order to see variation in the wave-amplitude dependency as
the wave steepness increases, the results measured at dierent
wavelengths are plotted against the maximum wave slope k0a;
Fig. 11 for =L = 1:0, Fig. 12 for =L = 1:2, Fig. 13 for =L =
1:4, and Fig. 14 for =L = 1:6.
From these figures, it can be seen that the nondimensional
value (divided by the wave-amplitude squared) tends to decrease
as the wave amplitude increases at =L = 1:0 and =L = 1:2. In
particular, this tendency is prominent at =L = 1:2, because the
increase of added resistance is exerted by the ship motions in
which strong nonlinearity is also prominent as seen in Fig. 6.
However, this decreasing tendency becomes not so obvious at
longer wavelengths of =L = 1:4 and =L = 1:6 except at very
small wave amplitude.
7. Conclusion
We have investigated the nonlinearity in the wave-induced
ship motions and added resistance of a container ship in regular
head waves, in terms of experimental data measured by chang-
ing the incident-wave amplitude at some selected wavelengths.
It was observed that the degree of nonlinearity in heave motion
is particularly large around =L = 1:2 where the heave ampli-
tude takes a maximum because of the resonant frequency close
to this wavelength and that the nondimensional motion ampli-
tude decreases as the incident-wave amplitude increases. This
nonlinearity in heave and also in pitch aects the nonlinearity
in the added resistance prominent around the peak of the added
resistance at =L ' 1:2.
Since the added resistance is proportional to the square of
incident-wave amplitude, measured data tend to scatter and
sensitive to the accuracy in the measurement, especially when
the incident-wave amplitude is small and the resultant value of
added resistance is also very small. In relation to this, we should
note that the wave-making component in the added resistance
tends to decrease sharply over a broader range of the wavelength
with increase of the incident-wave amplitude; which was eluci-
dated by a study of Kashiwagi12) on the unsteady wave analysis
and associated computations of the added resistance.
Further study should be made to make clear whether the non-
linearity observed when the ship motions become large is caused
by the hydrostatic restoring and Froude-Krylov forces or by the
hydrodynamic radiation and diraction forces. For that purpose,
not only another experiments but also numerical computations
using the weakly nonlinear computation method should be con-
ducted, which is left as a future work.
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